Introduction

1.1.
The local theory of blocks of finite groups was proposed originally by J. Alperin and M. Broué in [1] , and developed by L. Puig [12] , where the source algebra of a block is introduced as the smallest algebra which carries the local information of the block. One of the classical applications of the theory is the research on nilpotent blocks (see [2, 9] ). Recently, understanding the fusions of local pointed groups, L. Puig in [7] and [8] introduces the hyperfocal subalgebra in the source algebra of a block, and proves its existence and uniqueness up to conjugation. The local information of nilpotent blocks are the simplest case, and the structure theorem of their source algebras in [9] is the simplest case of the Puig's work on hyperfocal subalgebras.
Noting that Puig obtains his results in large enough coefficient fields, in this paper we make a research on the hyperfocal subalgebras of source algebras of blocks over small ground-fields.
1.2.
Let G always be a finite group. Let p be a prime number, and O be a complete discrete valuation ring with a fraction field K of characteristic zero and a perfect residue field k = O/J (O) of characteristic p. All O-algebras considered in this paper are associative and unitary, and O-free of finite rank; but subalgebras of an algebra are not necessarily unitary, i.e., the identity element of a subalgebra may be different from the identity element of the algebra. For an algebra A, we denote by J (A), Z(A) and A * the Jacobson radical of A, the center of A and the set of all invertible elements of A respectively. A G-algebra means an algebra A with a group homomorphism G → Aut(A), where the latter denotes the automorphism group of the algebra A. An interior G-algebra means an algebra A with a group homomorphism G → A * .
For a G-algebra A and a subgroup P of G, by A P we denote the unitary subalgebra of A consisting of the P -fixed elements of A; and denote
where Q runs on the set of the proper subgroups of P and A P Q denotes the image of the relative trace map Tr P Q : A Q → A P ; and we call the canonical surjective homomorphism Br A P : A P → A(P ) the Brauer homomorphism associated with P . By the way, we remark that for any OG-module M, the O-submodule M G , the trace map Tr P Q : M Q → M P , and M P Q , M(P ) and the Brauer map Br M P : M P → M(P ), are defined similarly.
Recall that a pointed group H α on a G-algebra A means a pair (H, α)
, where H is a subgroup of G and α is a conjugate class of primitive idempotents of the algebra A H ; a pointed group K β is said to be contained in H α , denoted by K β H α , if K H and there exist i ∈ α and j ∈ β such that ij = j = j i. A pointed group P γ is said to be local if Br A P (γ ) = {0}. Then all the maximal local pointed groups P γ which are contained in a pointed group H α form exactly one H -conjugate class; and they are called defect pointed groups of H α . Thus the stabilizer N H (P γ ) in H of the defect pointed group P γ of H α is unique up to conjugation. We set E H (P γ ) = N H (P γ )/P C H (P ). And, for i ∈ γ , we set A γ = iAi, and call it a source algebra of H α , see [12] .
1.4.
In the following, let A = OG be the group algebra over O of the finite group G. Obviously, the conjugate action of G induces a G-algebra structure on A. Let G {b} be a pointed group on A; then b is called an O-block of G. Let P γ be a defect pointed group of G {b} and i ∈ γ , and set A γ = iAi, which admits an obvious OP -interior algebra structure. 
is an unramified Galois extension of O, that is, the fraction fieldK ofÔ is a Galois extension of K and the residue filedk ofÔ is a separable Galois extension of k, and they have the same Galois group 
1.5. LetÂ =ÔG =Ô ⊗ O A and Pγ be a pointed group ofÂ such that there existsî ∈ γ such that iî =î =îi. Then Pγ determines a uniqueÔ-blockb ofÂ such that bb =b and we setÂγ =îÂî; since the Brauer homomorphisms Br A P and BrÂ P induce an isomorphism k ⊗ k A(P ) ∼ =Â(P ), it is easily checked that Pγ is a defect pointed group of G {b} . Becausê
Aγ is embedded intoÔ ⊗ O A γ asÔP -interior algebras and
That is,î andb are absolutely primitive inÂ P and in Z(Â) respectively.
Letk be an algebraic closure ofk andÕ be an unramified extension ofÔ with the residue fieldk. Then from [6, 2.13], we can conclude thatb =b is anÕ-block of G and γ is contained in a pointγ of P onÕG; moreover Pγ is a defect pointed group of the blockb.
1.6.
Recall that a self-centralizing pointed group Qδ onÕG is a local pointed group onÕG such that Z(Q) is a defect group of the block bδ ofÕC G (Q) determined byδ (i.e., bδ Br Q (δ) = {0}); and, an essential pointed group Rε onÕG is a self-centralizing pointed group onÕG such that the quotient E G (Rε) contains a proper subgroup M satisfying that p divides |M| but does not divide |M ∩ M x | for any x ∈ E G (Rε) − M. And recall that the hyperfocal subgroupQ of Pγ (see [8, 1.3] or [7, 13.2] ) is generated by the commutators [K, R], where Rε Pγ is either essential or equal to Pγ and K runs over the set of psubgroups of N G (Rε).
1.7.
Let Q be the normal subgroup of P generated byQ and the commutators [K,Q] where K runs over the p -subgroups of N G (P γ 
we denote D ⊗ Q P = D ⊗ OQ OP , and call it twisted Q-group algebra of P over D. Thus (1.8.1) can be restated as
For details, please see [6, 1.6] .
In Section 2 we prove the theorem for the case thatÔ = O; note that E G (P γ ) is always a p -group ifÔ = O (see [6, 4.4.2] ). In Section 3 we show some general properties of hyperfocal subalgebras of a block; then we prove the theorem for the case that O <Ô in Section 4. 
Lemma 2.2. Letk be an algebraic closure of k (recall that k is perfect), andÕ be an unramified extension of O such thatÕ/J (Õ) =k. IfÃ is a G-algebra overÕ andB is a G-stable subalgebra ofÃ, then there are anŌ ⊂Õ which is a finite Galois extension over
O and a G-algebraĀ overŌ and a G-stable subalgebraB ofĀ such thatÃ =Õ ⊗ŌĀ andB =Õ ⊗ŌB.
Proof. LetK be a fraction field ofÕ. Let {a 1 , a 2 , . . . , a n } be anÕ-basis ofÃ, and Remark. It is clear that the conclusion still holds for finitely many subalgebras ofÃ.
2.3.
From now on to the end of this section we keep the notation in 1.2, 1.4, 1.5, and 1.7, and always assume thatÔ = O; note that in this case E G (P γ ) is always a p -group (see [6, 4.4.2] ). Then for any extension O ⊆Ō ⊆Õ, we have that b =b is a block idempotent ofŌG, and i =î is a primitive idempotent in (ŌG) P , andĀγ = iŌGi is a source algebra of theŌ-block b, where Pγ is a pointed group onŌG such that i ∈γ .
Lemma 2.4. With notation as above, assume thatŌ is a finite extension of O and thatD is a P -stableŌ-subalgebra ofĀ
Proof. The proof is inspired by [7] . Letk be an algebraic closure of k andÕ be a corresponding unramified extension of O such thatÕ/J (Õ) =k. Then, by in [6, 2.13.5], P γ determines a defect pointed group Pγ of theÕ-block b; then by [14, 38.10] , (Ãγ )(P ) ∼ = kZ(P ), and further we have that
, we can write a = u∈U a u , where a u ∈Du; then u∈U ∩QZ(P ) Br P (a u ) ∈ Br P (i) + J ((Ā γ )(P )), and thus there exists a suit-
Lemma 2.5. With notation as above, assume thatŌ is a unramified Galois extension of O with the Galois groupΓ and thatD is a
Proof. In fact, the family {1 + J (D P ) n+1 } n∈N is clearly an interior completing filtration of 1 + J (D P ), and for any n 1 the map r → 1 + r induces a group isomorphism
Γ and G =Γ andŌ-algebrā there exists a P -stableÕ-subalgebraD ofÃγ such thatD ∩ P i = Qi andÃγ = uD u with u running on a set of representatives for P /Q in P . By Lemma 2.2, there are an O ⊆Õ which is an unramified finite Galois extension of O and a P -stable subalgebraD ofŌ ⊗ O A γ such thatD =Õ ⊗ŌD. In particular, we also have that
with u running on a set of representatives for P /Q in P . LetΓ be the Galois group ofŌ over O; thenΓ acts onŌ ⊗ O A γ in a natural way, and D =DΓ is the desired P -stable O-subalgebra of A γ .
A proof of the uniqueness of Theorem 1.8
With notation as above, assume that both D and D are two P -stable O-subalgebras of A γ fulfilling (1.8.1). Then (1.8.1) also holds inÃγ for bothÕ
By [7, 14.7] or [8, 1.8] , there is anã
. By Lemma 2.2, there are anŌ ⊆Õ which is an unramified finite Galois extension of O and 
3. The local structure of hyperfocal subalgebras 3.1. Keep the notation in 1.2 throughout this section. First we recall a general notation, then turn to show some general properties of hyperfocal subalgebras.
Let H be a normal subgroup of G. Assume that A is an H -interior G-algebra, i.e., A is a G-algebra with an interior H -algebra structure compatible with the G-action, cf. [6, 1.6]. Let K γ and L δ be pointed groups on A, and assume that K ⊂ H L. Recall that a group exomorphism from K to L is an orbit on the set of the injective group homomorphisms from K to L under the natural action of the product Int(K) × Int(L) of the inner automorphism groups Int(K) and Int(L) of K and of L respectively. We say that a group exomorphism determined by an injective group homomorphism φ : K → L, fulfilling φ(y) ∈ yH for all y ∈ K, is an A-fusion from K γ to L δ if, for some i ∈ γ and some j ∈ δ, there exists a ∈ A * such that iAi ⊂ (j Aj ) a and
we denote the set of the A-fusions from K γ to L δ , and write
Lemma 3.2. With notation as above, a group isomorphism
Proof. The essential materials of the proof are from [7] . In any case, it is easily checked that the left side of the equality is contained in the right one and it is a two-sided ideal of the right one. Ifφ ∈ F A (K γ , L δ ) and a ∈ A * fulfills equality (3.1.1), then ai and ia −1 belong to (j Ai) ∆ φ (K) and (iAj ) ∆ φ −1 (L) respectively, thus the equality (3.2.1) holds. Conversely, since iA K i is a local algebra, the equality (3.2.1) implies that we can choose
such that cd is invertible in iA K i; modifying our choice, we may assume that cd = i; then dc is a non-zero idempotent of j A L j , hence dc = j . In particular, i and j are conjugate in A, i.e., i = j b for a b ∈ A * . We claim that
is invertible in A and fulfills equality (3.1.1); indeed, it is easily checked that c + (
is the inverse of a, and, since ai = d and ia −1 = c, the equality follows from the fact that ∆ φ (K) fixes ai and ∆ φ −1 (L) fixes ia −1 . 2
3.3.
From now on we turn to the notation 1.4, 1.5, and 1.7, and always assume that D is a P -stable unitary subalgebra of A γ fulfilling (1.8.1). Then A γ is an interior P -algebra, while D is an OQ-interior P -algebra. Note that γ ∩ A γ = γ ∩ D = {i}, so P {i} is a local pointed group on both A γ and D; we denote the both by P γ again for convenience. Further, we identify P i ⊆ A γ with P , and identify ui ∈ P i with u ∈ P for convenience.
Let φ : P → P determine a D-fusion of P γ , i.e.,φ ∈ F D (P γ ), and assume that a ∈ D makes (3.1.1) holds; then in A γ (not in D) (3.1.1) is rewritten as a −1 ya = φ(y), ∀ y ∈ P . In other words,
where N D * (P ) = {a ∈ D * | P a = P }. On the other hand, it is known from [11, 2.13 and 3.1] that
Since it is shown in the end of 1.4 that (A P γ ) * /(i + J (A P γ )) ∼ =k, by [13, Chapter II, Proposition 8] we get
with a suitable identification we regardk * ⊆ (A P γ ) * and (A P γ ) * = (i + J (A P γ )) k * . And
is an extension of E G (P γ ) byk * , we call it ak * -group withk * -quotient E G (P γ ).
Lemma 3.4. Notation as above. Then F D (P γ ) = F A γ (P γ ).
Proof. The essential materials of the proof come from [7] . It is clear that
and φ be a suitable representative of the A γ -fusion. It follows from Lemma 3.2 that
since P γ is local, this equality implies that the k-linear map
induced by the multiplication in A γ is surjective. Let T be a set of representatives for P /Q in P, and U be the set of t ∈ T such that φ(y)t −1 y −1 ∈ Qt −1 for any y ∈ P , we have
Consequently, there exist u, v ∈ U and c, d
is invertible in A P γ ; thus, modifying the choice of the second factor, we can assume that v = u and cd u = i. In particular, we get
Thus, by Lemma 3.2 again, we have thatφ ∈ F D (P γ ). 2 Lemma 3.5. D P /J (D P ) ∼ = A P γ /J (A P γ ).
Proof. Assume that T /Q = Z(P /Q) and U is a set of the representatives of T in P . Then
A γ (P ) = u∈U (D ⊗ Q u)(P ).
It is easy to check that (D ⊗ Q u)(P )(D ⊗ Q v)(P ) ⊂ (D ⊗ Q uv)(P ) for any u, v ∈ P ; i.e., (A γ )(P ) is a T -graded k-algebra. Set I = (A γ )(P )J (D(P ))(A γ )(P ). By the computation similar to the first and second paragraphs of the proof of [7, Lemma 7.3], we have that J (D(P )) ⊂ J (A(P )) and that I is a T -graded proper ideal of (A γ )(P ) with the t-component I t = y∈T A γ )(P ) y J (D(P ) (A γ )(P ) y −1 t , thus (A γ )(P )/I is a T -graded k-algebra with 1-component isomorphic to D P /J (D P ). Set
T = t ∈ T (A γ )(P )/I t (A γ )(P )/I t −1 = (A γ )(P ) 1 , then it is easily checked that T is a subgroup of T (see [5, Lemma 8]), and by [5, Lemma 9], t ∈T ((A γ )(P )/I ) t is a crossed product and t ∈T −T ((A γ )(P )/I ) t is a nilpotent ideal of (A γ )(P )/I . Since D P /J (D P ) is a perfect field, t ∈T ((A γ )(P )/I ) t is isomorphic to the group algebra of T over D P /J (D P ); thus D P /J (D P ) ∼ = A P γ /J (A P γ ). 2
Remark. By the lemma and 1.4 and [13, Chapter II, Proposition 8], we can lift it to an algebra injectionÔ → D P ; on the other hand, a choice of the subgroupk * of (A P γ ) * in 3.3 also determines an algebra injectionÔ → A P γ . But by [3, Lemma 2.3], these two algebra injections are conjugate by i + J (A P γ ); so with a suitable choice, we can assume that they coincide with each other. So, in the following we assume thatÔ ⊆ D P ; and, sincê O * = (1 + J (Ô)) ×k * , we have
3. 6 . From now on, we further always assume that E G (P γ ) is a p -group. Since N G (P γ ) stabilizes both C G (P ) and the block b γ of OC G (P ), we see that E G (P γ ) acts onÔ by the equality (1.4.1). Then the actions of N G (P γ ) on P andÔ determine a group homomorphism
where Aut(Ô,ÔP ) denotes the group of theÔ-semi-linear automorphisms ofÔP , and Aut(Ô,ÔP ) denotes the quotient group of Aut(Ô,ÔP ) by the inner automorphism group Int(ÔP ) ofÔP induced by all the invertible elements ofÔP .
Because the kernel of the surjective homomorphism N G (P )/C G (P ) → E G (P γ ) is a p-group, we can lift it to an injective group homomorphism E G (P γ ) → Aut(P ).
Thus, the actions of E G (P γ ) on both P andÔ determine a group homomorphism
such that θ(E G (P γ )) stabilizes bothÔ and P , and for anyx ∈ E G (P γ ) there is a pelement s ∈ N G (P γ ) fulfilling
In the following we fix such a group homomorphism θ in (3.6.2); and note that by the definition 1.7 of Q and (3.6.3) we have the following conclusion:
We remark that the (3.6.1) can always be lifted to a unique Int(ÔP )-conjugate class of homomorphisms E G (P γ ) → Aut(Ô,ÔP ), but the lifting which stabilizes P may not exist if E G (P γ ) is not a p -group, cf [6, 1.14 and 1.15]. 
, thus we have a short exact sequence
where "incl" is the inclusion map and ρ is induced by (3.3.4). However, 
Then similar to the proof below (3.7.1), we also can obtain that
thus we get the conclusions of (2). 2
Remark.
Recall that D is P -stable, from the proposition we have the following conclusion:
3.8. Now we follow the idea of [6, §4] to chooseî andb in 1.5 suitably. Letĵ be the primitive idempotent ofÔ ⊗ OÔ which is mapped non-zero by the homomorphism 
where "incl" and "id" denote the inclusion map and the identity map, respectively.
Proof. We trace the construction of the isomorphism (3.8.2) in [6, 4.11-4.14] .
Obviously the subgroupk * ofÊ G (P γ ) determines a subgroupk * of (A P γ ) * through the isomorphism (3.8.2); now we fix the later subgroupk * . By [ 
which is a homomorphism of Γ ×Ê G (P γ ) • -algebras overÔ.
LetĴ be the set of primitive idempotents ofÔ ⊗ OÔ , andĵ be the element ofĴ which does not vanish through the product mapÔ ⊗ OÔ →Ô. Through (3.9.2), byÎ andî we denote the image ofĴ andĵ inÔ ⊗ O A P γ respectively. Since the group Γ ×Ê G (P γ ) • stabilizes onÎ , it also stabilizesĴ . And bothĵ andî have the same stabilizer, denoted byĤ , in Γ ×Ê G (P γ ) • . Since Γ acts regularly onÎ andĴ , the second projection map
• induces a group homomorphism
Thus there is a suitable group homomorphismτ :
It is easily checked that inÔ ⊗ OÔ the action of E G (P γ ) onÔ induced byτ coincides with the action of E G (P γ ) in (3.8.2) (cf. [6, 4.12] where the first one is just [6, 4.14.2] and the second one is compatible with the first one. In addition, it is not difficult to check thatD =î(Ô ⊗ O D)î is a P -stableÔ-subalgebra of Aγ satisfying thatD
In a word, taking the Γ -fixed algebras of the terms of the diagram (3.9.5), we get the desired commutative diagram (3.9.1). 2
Hyperfocal subalgebras in the case that O <Ô
4.1.
Throughout this section we keep the notation in 1.4, 1.5 and 1.7, and always assume that E G (P γ ) is a p -group, and fix the choice of θ in (3.6.2) andî,b in 3.8. In particular, in (3.8.2) we have the isomorphism 
Thus, set D to be the image in A γ of the crossed productD ⊗Ê G (Pγ ) 
